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EQUIVARIANT PROPERTY (SI) REVISITED
GA´BOR SZABO´
Abstract. We revisit Matui–Sato’s notion of property (SI) for C∗-
algebras and C∗-dynamics. More specifically, we generalize the known
framework to the case of C∗-algebras with possibly unbounded traces.
The novelty of this approach lies in the equivariant context, where none
of the previous work allows one to (directly) apply such methods to
actions of amenable groups on highly non-unital C∗-algebras, in partic-
ular to establish equivariant Jiang–Su stability. Our main result is an
extension of an observation by Sato: For any countable amenable group
Γ and any non-elementary separable simple nuclear C∗-algebra A with
strict comparison, every Γ-action on A has equivariant property (SI).
A more general statement involving relative property (SI) for inclusions
into ultraproducts is proved as well. As a consequence we show that if
A also has finitely many rays of extremal traces, then every Γ-action on
A is equivariantly Jiang–Su stable. We moreover provide applications of
the main result to the context of strongly outer actions, such as a gener-
alization of Nawata’s classification of strongly outer automorphisms on
the (stabilized) Razak–Jacelon algebra.
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Introduction
This paper is part of an ongoing effort to unravel the fine structure for
actions of amenable groups on simple nuclear C∗-algebras that fall within
the scope of the Elliott program. Our understanding about such C∗-algebras
and their classification has improved at a fast and furious pace in recent years
— see for example [27, 20, 18, 76, 28, 19, 26, 83] — which naturally calls
for an investigation into the structure of their innate symmetries, i.e., the
ways in which groups can act on them. The historical precedent is given
by the Connes–Haagerup classification of injective factors [13, 29], which in
part involved [11, 12] and was then followed by a classification of amenable
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group actions on said factors [14, 36, 58, 68, 40, 39, 49, 50]. It has also
been recognized early that amenability of the group is necessary to have a
managable classification theory of this sort [37].
In stark comparison to the factor case, simple nuclear C∗-algebras are
not automatically well-behaved, which may stem from too high-dimensional
topological information being encoded in their structure [80, 61, 77, 74]. The
Toms–Winter conjecture [22, 81, 85, 82], which may by now almost be called
a theorem [62, 52, 54, 75, 67, 5, 10, 9], is postulating that various (a priori)
different concepts of being well-behaved all coincide for (non-elementary)
separable simple nuclear C∗-algebras. A particularly prominent condition
on a C∗-algebra A to be well-behaved is to ask that it shall be Z-stable, i.e.,
isomorphic to the tensor product A ⊗ Z. Here Z is the standard notation
for the so-called Jiang–Su algebra [35], which for all intents and purposes
may be regarded as an infinite-dimensional C∗-algebra analog of the complex
numbers C. The naturality of this condition as a precursor to being classi-
fiable becomes immediate once one realizes that no reasonably computable
invariant can (under some very mild conditions) distinguish A from A⊗Z.
Additionally, all counterexample to the initial Elliott conjecture [16] fail to
be Z-stable. At a technical level, the process of tensorially stabilizing a sim-
ple nuclear C∗-algebra A with Z can be seen as flattening out the structure
of a given C∗-algebra away from the topologically infinite-dimensional, pro-
viding enough noncommutative space for performing certain manipulations
of elements in A useful for classification.
As a combination of a remarkable work by many people involved in the
above references, we now know that Z-stability indeed grants access to clas-
sification by the Elliott invariant for those separable unital simple nuclear
C∗-algebras that satisfy the universal coefficient theorem [64]. Although
the general non-unital case is not yet fully worked out as of publishing this
preprint, it appears to be not too far behind.
The overarching question in the context of this paper is to what extent it
should be possible to classify actions of an amenable group Γ up to cocycle
conjugacy on classifiable C∗-algebras A, by using computable invariants.
There are some satisfactory results available for special groups Γ acting
sufficiently outerly on special C∗-algebras, but they are usually underpinned
by methods that are related to the choice of the group, such as the Rokhlin
property [31, 30, 8, 45, 6, 46, 23, 47, 48, 17, 7, 55, 32, 33]. Since I wish to
mostly focus on actions of general amenable groups here, we shall at this
point not review the full history of the available classification results for
single automorphisms, finite group actions, etc. If α : Γ y A is an action,
then it is similarly (as above) the case that it is indistinguishable from the
action α ⊗ idZ : Γ y A with regard to most invariants one may come
up with for Γ-C∗-dynamical systems. This certainly includes for example
the induced action on traces, or Γ-equivariant Kasparov theory [38]. Like
in the ordinary classification program, this idea leads one to the concept
of equivariant Jiang–Su stability, which asks for an action α to be cocycle
conjugate to α⊗ idZ ; cf. [72]. In conclusion, if one is interested in developing
any kind of classification program la Elliott for (perhaps a certain abstractly
determined class of) Γ-actions on classifiable C∗-algebras, one also needs to
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settle whether such actions are automatically equivariantly Jiang–Su stable
or not.
The traceless case is taken care of in [70], where one automatically gets
equivariant absorption of the Cuntz algebra O∞. For more special choices of
the acting group this has again been known before, but I would go overboard
by listing all those references here. Regarding amenable group actions on a
finite classifiable C∗-algebra A, there exist promising results by Matui–Sato
[51, 53], Sato [66], and Gardella–Hirshberg [24], which at present require
a somewhat restrictive assumption on the tracial state space of A and the
induced group action on it. The available work on equivariant Z-stability
leads me to the following conjecture.
Conjecture A. Let Γ be a countable amenable group. Let A be a sepa-
rable simple nuclear and Z-stable C∗-algebra. Then every Γ-action on A is
equivariantly Z-stable.
Similarly to parts of the literature involving the Toms–Winter conjecture
[52], Matui–Sato’s notion of (equivariant) property (SI)1 is a seminal ingre-
dient to verify equivariant Z-stability in an abstract context such as above.
Their brilliant insight led to the first satisfactory abstract results yielding
equivariant Jiang–Su stability for strongly outer actions of amenable groups
in [51, 53]. In a recent work [66], Sato has further improved on said approach,
and showed that all Γ-actions on a unital C∗-algebra A as in Conjecture A
automatically have property (SI) as long as the extreme boundary of the
tracial state space is compact and finite-dimensional. He then used this to
show that such actions (with some further assumptions) are indeed equiv-
ariantly Z-stable by verifying a Γ-equivariant tracial McDuff-type property,
which is there referred to as “Γ-equivariant large embeddability of cones”.
The present work has two motivations: Firstly, a very detailed inspec-
tion of Sato’s approach reveals that the aforementioned assumption on the
tracial state space is not necessary for obtaining the equivariant property
(SI). Secondly (and more importantly), the current state of the literature
only allows one to apply property (SI) to unital C∗-algebras, or perhaps
algebraically simple ones with some amount of direct modification; see for
example [56, Section 5]. In the context of non-equivariant property (SI) and
its applications to the Toms–Winter conjecture, this is not so problematic
because the verification of ordinary C∗-algebraic Z-stability or finite nuclear
dimension may be performed at the level of some carefully chosen hereditary
subalgebra, as is thorougly explained in [9]. In stark contrast, if one is inves-
tigating the structure of trace-scaling Γ-actions on stable C∗-algebras, then
one can quickly observe that there may be no Γ-invariant hereditary sub-
algebras with (non-trivial) bounded traces, rendering the current iterations
of (equivariant) property (SI) not so useful in that context. The notable
exceptions in the literature, where interesting structural results could be
proved for trace-scaling automorphisms on stable C∗-algebras [23, 17, 7, 57],
rely on comparably ad-hoc methods. Here we therefore redevelop the entire
framework of property (SI) from the ground up in the language of possibly
non-unital C∗-algebras that are allowed to possess unbounded traces.
1This expression abbreviates “small isometries”.
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Since this is ultimately a rather technical endeavour, we shall not discuss
the general case here but instead sketch the non-unital framework only in a
special case. Namely, let A be a separable simple nuclear C∗-algebra with a
densely defined, unbounded lower semi-continuous trace τ which is unique up
to scalar multiple. Then τ admits a canonical extension to a generalized limit
trace τω on the ultrapower Aω; see the preliminary section. Even though this
trace is clearly unbounded, one can simply pick some positive element a ∈ A
with τ(a) = 1, and induce a tracial state on the central sequence algebra
Aω ∩ A
′ via x 7→ τω(xa). It is immediate that this assignment vanishes on
the annihilator Aω ∩ A
⊥, so it descends to a tracial state on Kirchberg’s
central sequence algebra Fω(A) = (Aω ∩A
′)/(Aω ∩A
⊥); see [42]. This gives
rise to a notion of a trace-kernel ideal in Fω(A). In complete analogy to
the unital case, property (SI) means that a natural comparison property
should hold inside the central sequence algebra: If e, f ∈ Fω(A) are two
positive contractions such that e is in the trace kernel ideal and f satisfies
infk≥1 τ
ω(afk) > 0, then e is Murray–von Neumann equivalent to an element
on which f acts as a unit. Given also an action Γy A, one similarly defines
equivariant property (SI) to mean the same statement inside the fixed point
algebra Fω(A)
Γ. We remark that the approach presented in this paper does
not recover the treatment of property (SI) for order zero maps as required in
[5, 10, 9]. Although I find it likely that this could be done with some further
modifications, it seems that this additional layer of generality is only needed
for applications related to nuclear dimension, which at this point would
appear to be exhausted by the aforementioned references.
By a well-known argument due to Matui–Sato [52], property (SI) allows
one to perturb a tracially large order zero map Mk → Fω(A) into a unital
∗-homomorphism from a prime dimension drop algebra Zk,k+1 → Fω(A) by
appealing to Rørdam–Winter’s universal description [63] of Zk,k+1. This
provides a sufficient criterion for A ∼= A⊗Z; see [42, 79]. Using instead the
equivariant version of property (SI), an entirely analogous method can be
applied to maps going into the fixed point algebra Fω(A)
Γ, yielding equi-
variant Jiang–Su stability via [72].
The main result of this paper is as follows, and may be seen as a gener-
alization of Sato’s observation [66] that equivariant property (SI) tends to
hold automatically in the appropriate context; see Corollary 4.3:
Theorem B. Let A be a non-elementary separable simple nuclear C∗-
algebra with very weak comparison2. Let Γ be a countable amenable group.
Then A has equivariant property (SI) relative to every action Γy A.
Unsurprisingly, the proof has to retrace a lot of Matui–Sato’s previous
arguments [52] and adapt them to the non-unital context. In order to obtain
equivariant property (SI), our approach slightly deviates at the technical
level from Sato’s recent work [66]. Namely, we observe a slightly stronger
version of a known precursor commonly referred to as “excision in small
central sequences” early on, which allows us to more directly perform a
certain averaging argument from [66] to strengthen the ordinary property
2This is defined in the preliminary section. As the name suggests, it is a very weak version
of the more well-known strict comparison, so it certainly holds when A is Z-stable [62].
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(SI) in Fω(A) to the equivariant (SI) inside Fω(A)
Γ. In particular this
foregoes the more technical concept of property (TI). In fact all of this works
in a more general context where one considers the inclusion of a certain C∗-
algebra A inside an ultraproduct Bω =
∏
n→ω Bn of simple C
∗-algebras with
strict comparison, and automatically gets relative versions of (equivariant)
property (SI); see Theorem 3.9 and Theorem 4.2 for more details.
In the last section, we exhibit some non-trivial applications of Theorem B.
The first application verifies Conjecture A for C∗-algebras with finitely many
rays of extremal traces, and may be understood as an equivariant and non-
unital version of Matui–Sato’s main result in [52]; see Theorem 5.18:
Theorem C. Let A be a non-elementary separable simple nuclear C∗-
algebra with very weak comparison. Suppose that A is finite and has finitely
many rays of extremal traces. Let Γ be a countable amenable group. Then
every action α : Γy A is equivariantly Z-stable.
We remark that the last section begins with a short proof of the fact from
[70] that amenable group actions on Kirchberg algebras are equivariantly
O∞-stable, which utilizes a relative version of Theorem B with A being
traceless. Regarding Theorem C, the other noteworthy ingredient next to
Theorem B entering here is that we cannot directly define a tracial ultra-
power of A as in the unital case, and instead have to exploit Kirchberg’s C∗-
to-W∗ ultrapower construction [41, 2] to define a suitable notion of tracial
central sequence algebra with respect to unbounded traces. This is needed
to relate the existence of a tracially full order zero map Mk → Fω(A) to
the behavior of the weak closure of A under the GNS representation of an
unbounded trace, and is hence an important ingredient to access the struc-
ture theory of injective factors and group actions on them for tackling a
C∗-dynamical challenge.
For Theorem C, it may be useful to remark that the possibility to consider
C∗-algebras above with A ∼= A ⊗ K allows us to observe that Theorem C
holds verbatim for cocycle actions as well; see Remark 5.23. Our second ap-
plication concerns strongly outer actions on C∗-algebras A like above. We
obtain a direct generalization of [73, Theorem D], which implies that strongly
outer actions of certain torsion-free elementary amenable groups automat-
ically absorb a model action on the Jiang–Su algebra; see Corollary 5.22.
As a further application, we can deduce a generalization of a classification
result of Nawata [57] for strongly outer automorphisms on the (stabilized)
Razak–Jacelon algebra [34]; see Corollary 5.24:
Theorem D. Let A be a separable simple nuclear finite Z-stable C∗-
algebra. Suppose that KK(A,A) = 0 and that A has finitely many rays
of extremal traces. Then every pointwise strongly outer Z-action on A has
the Rokhlin property. Furthermore, two pointwise strongly outer actions
α, β : Z y A are cocycle conjugate if and only if there is an affine homeo-
morphism κ on (T (A),ΣA) such that κ(τ ◦ α) = κ(τ) ◦ β for all τ ∈ T (A).
The obvious question for further research becomes to what extent there
is always a tracially large order zero embeddingMk → Fω(A)
Γ for an action
Γ y A on a classifiable C∗-algebra, regardless of the precise structure of
extremal traces of A. Since this is a somewhat separate problem, it is
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beyond the scope of the present work, but it is tempting to speculate that
equivariant versions of certain new techniques emerging in [10, 9] may shed
light on it and enable a satisfactory approach toward solving Conjecture A
in the future.
1. Preliminaries
Throughout the paper it will be assumed that the reader is familiar with
the basic theory of weights on C∗-algebras, including the generalized GNS
construction; see [4, II.6.7]. We follow the convention that a proper weight
is a non-zero densely defined and lower semi-continuous weight, and a trace
on a C∗-algebra is assumed to be a weight satisfying the tracial condition;
see [15, Section 6.1]. We also assume familiarity with the cone of lower
semi-continuous traces T (A) on a C∗-algebra A3; see [21] for a detailed
exposition. We will often make use of the Pedersen ideal P(A) of a C∗-
algebra A and its basic properties [60, Section 5.6] without explicit reference.
Throughout we will say that a C∗-algebra is non-elementary, if it is not
isomorphic to the algebra of compact operators on some Hilbert space. At
least for the last section we assume that the reader is familiar with c.p.c.
order zero maps between C∗-algebras; see [84]. We will throughout denote
by ω a free ultrafilter on N. When it comes to dealing with arguments
related to ultraproducts, we will frequently use the standard technique called
the “ε-test”;see [44, Lemma 3.1]. The details of this will sometimes be
omitted, but given in full in selected non-obvious instances. When a and b
are some elements in a C∗-algebra, we will usually write a =ε b as short-
hand for ‖a−b‖ ≤ ε. We will moreover use the short-hand expression that a
mathematical statement holds “for ω-all n” if the set of all n ∈ N for which
the statement is true belongs to ω.
Notation 1.1. Let A be a simple C∗-algebra. In the context of consid-
ering the tracial cone T (A), we use the symbol 0 for the zero trace, and
the symbol ∞ for the trace taking the value ∞ on all non-zero positive el-
ements; these are the trivial traces on A. Recall that a non-trivial lower
semi-continuous trace τ on A is automatically a faithful proper trace, which
we will use without further mention. We consider the corresponding dimen-
sion function dτ : A+ → [0,∞] given by dτ (a) = limn→∞ τ(fn(a)), where
fn : [0,∞)→ [0, 1] is any pointwise-increasing sequence of continuous func-
tions with fn(0) = 0 and limn→∞ fn(t) = 1 for all t > 0.
In this paper a compact generator K of T (A) is a compact subset K ⊂
T (A) \ {0,∞} such that R>0 · K = T (A) \ {0,∞}.4 Recall that a trace
τ ∈ T (A) \ {0,∞} is called extremal, if for all τ ′ ∈ T (A), τ ′ ≤ τ implies
τ ′ = cτ for some c ≤ 1. It is well-known that a proper trace τ is extremal
precisely when its GNS representation is factorial, i.e., πτ (A)
′′ is a factor; see
[15, Theorem 6.7.3]. We say that A has finitely many rays of extremal traces,
if there are only finitely many extremal traces modulo scalar multiples. (The
3In particular, the word “trace” may refer to possibly unbounded traces here. Unlike most
of the contemporary literature concerning unital C∗-algebras, the expression T (A) does
not denote the tracial states, but all traces on A.
4In particular K may for example be a compact base of T (A), but we make no demand
on the obvious map R>0 ×K → T (A) \ {0,∞} to be injective.
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term “ray” refers to the set of all positive scalar multiples of a given trace.)
On the other hand, we call A traceless, if there are no non-trivial traces
on A, in which case we explicitly declare the empty set to be a compact
generator of T (A).
Definition 1.2. A simple C∗-algebra A is said to have very weak compari-
son, if for any compact generator K ⊂ T (A), the following is true. For every
ε > 0, there exists δ > 0 such that whenever two non-zero positive elements
a, b ∈ P(A)+ in the Pedersen ideal satisfy
max
τ∈K
dτ (a) ≤ δ and min
τ∈K
dτ (b) ≥ ε,
then there exists an element r ∈ A such that ‖r∗br − a‖ ≤ ε.
Remark 1.3. If K1 and K2 are both compact generators of T (A), then
clearly there is some constant C > 0 such that K1 ⊆ [C
−1, C] · K2 and
K2 ⊆ [C
−1, C] · K1. This implies in particular that the property defined
above does not depend on a choice of a compact generator. In the special
case where A is unital, the canonical choice for K is the set of all tracial
states on A, and the definition above then turns out to be equivalent to the
property singled out in [52, Remark 2.6]. If A is simple and traceless, then
A has very weak comparison if and only if A is purely infinite, which in turn
is the case if and only if A has strict comparison in the sense below.
Definition 1.4. A simple C∗-algebra A is said to have local strict com-
parison5, if the following is true. Whenever two non-zero positive ele-
ments a, b ∈ P(A)+ in the Pedersen ideal satisfy dτ (a) < dτ (b) for all
τ ∈ T (A) \ {0,∞}, then it follows that a - b, i.e., there is a sequence
rn ∈ A with r
∗
nbrn → a.
Notation 1.5 (cf. [42]). For a specified sequence of C∗-algebras Bn and a
free ultrafilter ω on N, we will denote by
Bω =
∏
n∈N
Bn/
{
(bn)n | lim
n→ω
‖bn‖ = 0
}
their ultraproduct C∗-algebra. If Γ is a discrete group and βn : Γ y Bn is
a sequence of actions, we furthermore denote by βω : Γ y Bω the induced
ultraproduct action.
For an inclusion of a (usually separable) C∗-algebra A ⊂ Bω, we write
Bω ∩A
′ = {x ∈ Bω | [x,A] = 0} , Bω ∩A
⊥ = {x ∈ Bω | xA = Ax = 0} ,
and define
F (A,Bω) = (Bω ∩A
′)/(Bω ∩A
⊥).
If furthermore A is βω-invariant, then so are Bω ∩ A
′ and Bω ∩A
⊥, and we
get an induced action on the quotient β˜ω : Γ y F (A,Bω). In the special
case where Bn = A for all n and the inclusion A ⊂ Aω is the obvious one,
we abbreviate Fω(A) = F (A,Aω).
Definition 1.6. We say that an inclusion of C∗-algebras A ⊆ B is simple,
if BaB = BAB for every non-zero element a ∈ A.
5The better-known property called strict comparison calls for the stabilization A ⊗ K to
have local strict comparison.
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Remark 1.7. Let A ⊆ B be a simple inclusion of C∗-algebras. If τ is a
lower semi-continuous trace on B, then it is immediate that the restriction
τ |A is a non-trivial trace if and only if it is a proper faithful trace on A. This
follows from the fact that if τ |A is non-trivial, then 0 < τ(a) <∞ for some
a ∈ P(A)+, but then τ must take values in (0,∞) on all of P(A)+ \ {0}
because every element in the latter set generates the same algebraic ideal
(in B) as a; see Proposition 2.4 below for a related argument.
Remark 1.8. Clearly an inclusion A ⊆ B is simple if either A or B is
simple. It is also simple if the inclusion is full in the sense that every non-
zero element in A generates B as an ideal. However, an inclusion can be
simple without being full: an obvious example is an inclusion of the form
A ∼= A ⊕ 0 ⊆ A⊕ A for a simple C∗-algebra A. Perhaps a bit less obvious,
but pertinent to the main body of the paper, is the fact that the ultrapower
Bω of a C
∗-algebra B cannot have any full elements if B is simple, stable
and admits a non-trivial trace. Nevertheless the inclusion B ⊆ Bω is simple.
2. Traces on ultraproducts and relative commutants
Definition 2.1. Let Bn be a sequence of C
∗-algebras and ω a free ultrafilter
on N. For a sequence τn of lower semi-continuous traces on Bn, we may define
a lower semi-continuous trace τω :
(∏
n∈NBn
)
+
→ [0,∞] via
τω((bn)n) = sup
ε>0
lim
n→ω
τn
(
(bn − ε)+
)
,
where bn ∈ A is a bounded sequence of positive elements.
6 We see that
τω((bn)n) = 0 whenever limn→ω ‖bn‖ = 0, so τ
ω induces a lower semi-
continuous trace on Bω, which we also denote by τ
ω with slight abuse of
notation. A trace of this form on Bω shall be called a generalized limit
trace.
Notation 2.2. For convenience, we will write τ ε(b) = τ
(
(b − ε)+
)
for a
trace τ on a C∗-algebra B, a positive element b ∈ B, and some ε > 0. Under
this notation, a generalized limit trace as above is of the form
τω((bn)n) = sup
ε>0
lim
n→ω
τ εn(bn).
Remark 2.3. With the same assumptions as in Definition 2.1, let addi-
tionally A ⊆ Bω be a C
∗-subalgebra. Suppose that τω is a generalized
limit trace on Bω. Let a ∈ A+ be a positive element. The assignment
τωa : (Bω ∩ A
′)+ → [0,∞], x 7→ τ
ω(xa) defines a tracial weight satisfying
τωa (x) ≤ τ
ω(a)‖x‖ for all x ∈ (Bω∩A
′)+. By inserting as x a positive contrac-
tion that acts as a unit on a, we see that there are three cases. Firstly, this
tracial weight is trivial when τω(a) = 0. Secondly, we may have τω(a) =∞
and then the trace τωa is unbounded. Thirdly, if 0 < τ
ω(a) < ∞, then τωa
extends to a positive tracial functional on Bω ∩A
′ with norm ‖τωa ‖ = τ
ω(a).
Furthermore, it is clear that τωa (x) = 0 for all x ∈ Bω ∩A
⊥. This induces
a trace on F (A,Bω), which we again denote τ
ω
a , and which has the same
norm if it is bounded.
6See [21, Lemma 3.1], which implies that this map indeed yields a lower semi-continuous
trace.
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Proposition 2.4. Let Bn be a sequence of C
∗-algebras with ultraproduct Bω
and let A ⊂ Bω be an inclusion of a separable simple C
∗-subalgebra. Let
a, b ∈ P(A) be two non-zero positive elements in the Pedersen ideal. Then
there exists a constant C > 0 such that for every generalized limit trace τω
on Bω, we have
C−1τωa ≤ τ
ω
b ≤ Cτ
ω
a on (Bω ∩A
′)+.
Consequently the same inequality holds on F (A,Bω)+.
Proof. The two elements a, b ∈ P(A) necessarily generate the same algebraic
ideal. We may thus choose M ≥ 1 and elements
x1, . . . , xM , y1, . . . , yM ∈ A
such that
b =
M∑
j=1
xjax
∗
j and a =
M∑
j=1
yjby
∗
j .
We have for any z ∈ (Bω ∩A
′)+ that
τωb (z) = τ
ω(bz)
=
M∑
j=1
τω(xjax
∗
jz)
=
M∑
j=1
τω(a1/2x∗jxja
1/2z)
≤ τωa (z) ·
( M∑
j=1
‖xj‖
2
)
.
Exchanging the roles of a and b we get the analogous inequality
τωa (z) ≤ τ
ω
b (z) ·
( M∑
j=1
‖yj‖
2
)
.
Hence the constant C = max
{∑M
j=1 ‖xj‖
2,
∑M
j=1 ‖yj‖
2
}
does the trick. 
Definition 2.5. Let Bn be a sequence of simple C
∗-algebras with ultra-
product Bω, and let A ⊂ Bω be a simple inclusion of a non-zero separable
C∗-subalgebra.
(i) We say that a positive contraction f ∈ Bω ∩ A
′ or f ∈ F (A,Bω) is
tracially supported at 1, if either one of the following is true: Either
Bn is traceless for ω-all n, in which case we demand ‖fa‖ = ‖a‖ for
all a ∈ A+. Or, Bn has non-trivial traces for ω-all n, in which case we
demand the following: For every non-zero positive element a ∈ P(A),
there exists a constant κ = κ(f, a) > 0 such that for every generalized
limit trace τω with τω|A non-trivial, one has inf
k∈N
τωa (f
k) ≥ κτω(a).
(ii) We say that a positive element e ∈ Bω∩A
′ or e ∈ F (A,Bω) is tracially
null, if τωa (e) = 0 for every positive element a ∈ P(A) and every
generalized limit trace τω on Bω with τ
ω(a) <∞.
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In light of Remark 1.7, the condition that τω|A be non-trivial is equivalent to
0 < τω(a) < ∞, regardless of the choice of a. Due to Proposition 2.4, if we
ask for A to be simple, then it suffices to check either one of the conditions
above for an arbitrary single element a ∈ P(A)+ \ {0}.
Remark 2.6. The above term “tracially supported at 1” stems from the
fact that every tracial state of the form τωa on Bω ∩A
′ in particular restricts
to a positive linear functional on C∗(f). By virtue of functional calculus,
the latter can be identified with the continuous functions on the spectrum
of f vanishing at zero, with f representing the identity function. Since the
restriction of τωa to this C
∗-algebra must come from a finite regular Borel
measure on the spectrum of f , the condition infk≥1 τ
ω
a (f
k) > 0 means that
such a measure is supported on the subset {1} inside the spectrum of f .
In the above definition, we ask that this happens uniformly, meaning that
all measures on the spectrum of f coming from all possible restrictions of
tracial states of the form τωa take a value on {1} that is uniformly bounded
below from a positive constant.
Definition 2.7. Let Bn be a sequence of simple C
∗-algebras with ultra-
product Bω. Suppose that Γ is a countable discrete group and βn : Γy Bn
is a sequence of actions giving rise to the ultraproduct action βω : Γy Bω.
Let A ⊂ Bω be a simple inclusion of a (non-zero) separable and βω-invariant
C∗-subalgebra. We say that the inclusion A ⊂ Bω has equivariant property
(SI) relative to βω if the following holds:
Whenever e, f ∈ F (A,Bω)
β˜ω are two positive contractions such that f is
tracially supported at 1 and e is tracially null, there exists a contraction
s ∈ F (A,Bω)
β˜ω with fs = s and s∗s = e.
In particular, we define the inclusion A ⊂ Bω to have property (SI) if the
above holds for Γ = {1}.
Notation 2.8. More specifically, we say that a separable simple C∗-algebra
A has property (SI) relative to an action α : Γy A, if the canonical inclusion
A ⊂ Aω has property (SI) relative to the ultrapower action αω. If moreover
Γ = {1}, we just say that A has property (SI); cf. [52, Definition 4.1].
Remark 2.9. From this point onward, a number of results to come gen-
eralize but closely follow Matui–Sato’s original approach towards proving
property (SI) for simple nuclear C∗-algebras with strict comparison. For
those familiar with their work we shall briefly summarize the parallels re-
garding the key arguments here:
• Proposition 2.4 corresponds to [52, Lemma 2.4].
• Lemma 3.1 corresponds to [52, Lemma 2.3].
• Lemma 3.2 corresponds to [52, Lemma 2.5].
• Lemma 3.6 is a slightly more general version of [52, Section 3].
• Theorem 3.9 corresponds to the beginning of [52, Section 4]. At the level
of proof we closely follow [5, Section 4].
• Theorem 4.2 generalizes [66, Proposition 5.1].
• Theorem 5.18 generalizes [53, Theorem 4.9].
We may in a few places also use ideas originating in [65, 78, 44, 5].
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The following technical lemma is exclusively interesting in the non-unital
case, as will be explained in the remark after it. In a nutshell, it will tell
us that for a simple inclusion A ⊂ Bω as in Definition 2.5, one can isolate
some sequence of compact generators Kn ⊂ T (Bn) such that, up to scalar
multiple, all generalized limit traces τω with τω|A non-trivial arise from a
sequence τn ∈ Kn. This will in turn make it possible later on to apply the
ε-test within crucial steps in the main proofs, in a similar fashion as has
been done in the known cases.
Lemma 2.10. Let Bn be a sequence of simple C
∗-algebras with ultraproduct
Bω. Let A ⊂ Bω be a simple inclusion of a separable C
∗-subalgebra. Suppose
that a ∈ P(A) is a positive element in the Pedersen ideal with norm one.
(i) There exists a sequence an ∈ P(Bn) of positive elements in the Ped-
ersen ideal representing a and a natural number m = ma such that
lim
n→ω
τn(an) ≤ mτ
ω
(
(a− δ)+)
for all 0 ≤ δ < 1/2 and for every sequence τn of traces on Bn giving
rise to the generalized limit trace τω.
Furthermore, there exists a sequence of compact generators Kn ⊂ T (Bn)
with the following properties:
(ii) Whenever a sequence τn ∈ T (Bn) of traces gives rise to a generalized
limit trace τω with τω(a) = 1, then τn ∈ Kn for ω-all n ∈ N.
(iii) Every sequence τn ∈ Kn gives rise to a generalized limit trace τ
ω with
1
m+1 ≤ τ
ω(a) ≤ m+ 1.
(iv) Whenever b ∈ P(A) is a non-zero positive element and τω is a gen-
eralized limit trace with 0 < τω(b) < ∞, there is a sequence θn ∈ Kn
such that the associated generalized limit trace θω on Bω is a scalar
multiple of τω. Moreover there exists a constant C ≥ 1 such that for
every such generalized limit trace θω, one has C−1 ≤ θω(b) ≤ C.
Proof. (i): Let a′n ∈ Bn be any sequence of positive contractions represent-
ing a. Without loss of generality let us assume that ‖an‖ = 1. As the
inclusion A ⊂ Bω is simple and we have also assumed a ∈ P(A), it fol-
lows that a and (a − 12)+ generate the same algebraic ideal in Bω. Choose
contractions x1, . . . , xm ∈ Bω such that a =
∑m
j=1 xj(a −
1
2)+x
∗
j . Choose
sequences of contractions xj,n ∈ Bn representing xj for j = 1, . . . ,m. Set
an =
∑m
j=1 xj,n(a
′
n −
1
2 )+x
∗
j,n ∈ P(Bn), which is another bounded sequence
of positive elements representing a. We claim that ma = m does the trick.
Indeed, for every sequence of traces τn ∈ T (Bn) one has
lim
n→ω
τn(an) = lim
n→ω
m∑
j=1
τn(xj,n(a
′
n −
1
2
)+x
∗
j,n)
≤ m lim
n→ω
τn((a
′
n −
1
2
)+)
≤ mτω((a− δ)+)
for all 0 ≤ δ < 1/2.
For the next part of the statement, we set
Kn =
{
τ ∈ T (Bn) |
m
m+ 1
≤ τ(an) ≤ m+ 1
}
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We claim that this sequence does the job. As each Bn is simple and an is
in the Pedersen ideal, clearly Kn ⊂ T (Bn) is a compact generator; cf. [21,
Proposition 3.10].
(ii): Suppose that a sequence τn ∈ T (Bn) of traces induces a generalized
limit trace with τω(a) = 1. Then by part (i) we have
1 = τω(a) = sup
ε>0
lim
n→ω
τn((an − ε)+) ≤ lim
n→ω
τn(an) ≤ m.
So indeed τn ∈ Kn for ω-all n.
(iii): For every sequence τn ∈ Kn and associated generalized limit trace
τω on Bω, one has
τω(a) ≤ lim
n→ω
τn(an) ≤ m+ 1
and
τω(a) ≥
1
m
lim
n→ω
τn(an) ≥
1
m+ 1
.
(iv): Since we assumed the inclusion A ⊂ Bω to be simple, the elements
a, b ∈ P(A) generate the same algebraic ideal in Bω. Hence the claim fol-
lows directly from (ii) and (iii), with the same argument as in the proof of
Proposition 2.4. 
Remark 2.11. In the lemma above, if we consider the special case where
A is simple and A ⊂ Aω is the canonical inclusion into its ultrapower, then
we can specify any compact generator K ⊂ T (A), which will result in the
statement Lemma 2.10(iv) to hold for Kn = K for all n ≥ 1. If A for
example happens to be unital, the canonical choice for K would be the set
of all tracial states, which would work for the choice of a = 1 in Lemma 2.10.
3. Excision in small central sequences
Lemma 3.1. Let Bn be a sequence of simple C
∗-algebras with ultraproduct
Bω. Let Kn ⊆ T (Bn) \ {0,∞} be a sequence of compact generators. Let
a ∈ Bω be a positive element of norm one.
(i) Suppose that there is a constant κ > 0 such that τω(ak) ≥ κ for every
k ≥ 1 and every generalized limit trace τω associated to a sequence
τn ∈ Kn. Then there exist sequences bn, cn ∈ Bn of positive norm one
elements satisfying
a = [(bn)n], lim
n→ω
min
τ∈Kn
τ(cn) ≥ κ,
and bncn = cn for all n ∈ N.
(ii) Suppose that for every generalized limit trace τω associated to a se-
quence τn ∈ Kn, one has τ
ω(a) = 0. Then there exists a sequence of
positive contractions bn ∈ Bn representing a such that
lim
n→ω
max
τ∈Kn
dτ (bn) = 0.
Proof. Throughout the proof, let an ∈ Bn be a sequence of positive elements
with norm one representing a.
(i): Let τω be a generalized limit trace arising from a sequence τn ∈ Kn.
Then τω restricts to a lower semi-continuous trace on
C∗(a) ∼= {h ∈ C(σ(a)) | h(0) = 0} ,
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where it corresponds to forming the integral with respect to a [0,∞]-valued
regular Borel measure on the (pointed) spectrum of a. By assumption, we
have
inf
k∈N
τω(ak) ≥ κ,
which by the monotone convergence theorem implies that τω ≥ κ · ev1.
It follows that for any positive function g ∈ C0(0, 1] with norm one and
g(1) = 1, we have τω(g(a)) ≥ κ. Since the choice of the sequence τn was
arbitrary, it follows that7
sup
ε>0
lim
n→ω
min
τ∈Kn
τ ε(g(an)) ≥ κ.
For δ > 0, we let gδ, hδ : [0, 1]→ [0, 1] be the functions defined via
hδ(t) =
{
(1− δ)−1t , t ≤ 1− δ
1 , 1− δ ≤ t,
and
gδ(t) =


0 , t ≤ 1− δ
2
δ (t− δ) , 1− δ ≤ t ≤ 1− δ/2
1 , 1− δ/2 ≤ t.
If we define bδn = hδ(an) and c
δ
n = gδ(an), then evidently b
δ
nc
δ
n = c
δ
n. Fur-
thermore we have
lim
n→ω
min
τ∈Kn
τ(cδn) ≥ sup
ε>0
lim
n→ω
min
τ∈Kn
τ ε(cδn) ≥ κ.
by the above, and clearly ‖an − b
δ
n‖ ≤
δ
1−δ
δ→0
−→ 0. Once we let δ → 0, the
existence of the desired sequences bn, cn ∈ Bn follows from the ε-test [44,
Lemma 3.1] as follows. We set
Xn = {(b, c) ∈ Bn ×Bn | 0 ≤ b, c ≤ 1, ‖c‖ = 1, bc = c} , n ∈ N.
Consider X =
∏
n∈NXn and the functions f
(m)
n : Xn → [0,∞] defined by
f
(1)
n (b, c) = ‖an − b‖ and
f (1+m)n (b, c) =
{
0 , minτ∈Kn τ(c) ≥ κ−
1
m
1 , else.
For every ε > 0, let us consider the sequence x = (bδn, c
δ
n)n∈N ∈ X for
some δ > 0 with δ1−δ ≤ ε. Then f
(1)
ω (x) = limn→ω ‖an − b
δ
n‖ ≤
δ
1−δ ≤ ε.
Furthermore, we have limn→ωminτ∈Kn τ(c
δ
n) ≥ κ, which for every m ≥
1 implies that minτ∈Kn τ(c
δ
n) ≥ κ −
1
m for ω-all n. Thus f
(1+m)
ω (x) =
limn→ω f
(1+m)
n (bδn, c
δ
n) = 0 for all m ≥ 1. Applying the ε-test we may get a
sequence x = (bn, cn)n∈N ∈ X such that
0 = f (1)ω (x) = limn→ω
‖an − bn‖
7Here we implicitely use the ε-test [44, Lemma 3.1] on the product
∏
n∈NKn with respect
to the functions f
(m)
n : Kn → [0, 1], n,m ≥ 1, defined by f
(m)
n (τ ) = τ
1/m(g(an)). If the
supremum in the claim were less than κ, we would be able to find a sequence τn ∈ Kn for
which the associated generalized limit trace τω satisfies τω(g(a)) < κ, a contradiction.
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and for all m ≥ 1, one has
0 = f (1+m)ω (x) = limn→ω
f (1+m)n (bn, cn).
By definition of the functions f
(1+m)
n , the latter condition translates to
minτ∈Kn τ(cn) ≥ κ −
1
m for ω-all n. Since m ≥ 1 is arbitrary, this means
limn→ωminτ∈Kn τ(cn) ≥ κ.
(ii): By exploiting the ε-test once more as in the previous footnote, our
assumption implies lim
n→ω
max
τ∈Kn
τ ε(an) = 0 for all ε > 0. Let εℓ > 0 be a
monotone null sequence. We set
δn,ℓ =
√
max
τ∈Kn
τ εℓ(an),
which converges to zero as n → ω, for all ℓ ≥ 1. By functional calculus, we
observe for bn,ℓ = (an − (εℓ + δn,ℓ))+ ≤ an that
δn,ℓ(bn,ℓ +
1
m
)−1bn,ℓ ≤ (an − εℓ)+, m ∈ N
and hence
max
τ∈Kn
dτ (bn,ℓ) = max
τ∈Kn
sup
m∈N
τ((bn,ℓ +
1
m
)−1bn,ℓ)
≤ max
τ∈Kn
δ−1n,ℓτ
εℓ(an)
≤ δn,ℓ
n→ω
−→ 0.
Clearly we also have limn→ω ‖an − bn,ℓ‖ ≤ εℓ. The existence of the desired
sequence bn follows directly from applying the ε-test. 
Lemma 3.2. Let Bn be a sequence of simple C
∗-algebras with local strict
comparison. Let Bω be their ultraproduct, and let A ⊂ Bω be a simple
inclusion of a non-zero separable C∗-subalgebra. Let e, f ∈ Bω ∩ A
′ be two
positive contractions so that f is tracially supported at 1 and e is tracially
null. Let a ∈ A+ be a positive element of norm one. Then there exists a
contraction r ∈ Bω with
ar = r, fr = r, and r∗r − e ∈ Bω ∩A
⊥.
Proof. Since the elements f and a commute by assumption, we note that
ar = r and fr = r hold together precisely when far = r. Let δ > 0 and
F ⊂ A be a self-adjoint finite set. In order to show the statement, it suffices
to find a contraction r ∈ Bω with ‖far − r‖ ≤ δ and ‖(r
∗r − e)x‖ ≤ δ for
all x ∈ F .
Let Kn ⊂ T (Bn) be a sequence of compact generators satisfying the
property in Lemma 2.10(iv). By an analogous functional calculus argument
as in the proof of Lemma 3.1, we may find two non-zero positive elements
a0, a1 ∈ P(A)+ of norm one in the Pedersen ideal such that ‖a − a0‖ ≤ δ
and a0a1 = a1. We may furthermore choose an element h ∈ P(A)+ such
that ‖hx− x‖ ≤ δ for all x ∈ F .
Let en, fn ∈ Bn be sequences of positive contractions representing e and
f , respectively. Let a0,n, hn ∈ Bn be sequences of positive contractions
representing a0 and h, respectively.
Since f is tracially supported at 1 and the compact generators Kn ⊂
T (Bn) satisfy the property in Lemma 2.10(iv), there is a constant κ > 0
EQUIVARIANT PROPERTY (SI) REVISITED 15
such that for every generalized limit trace τω on Bω arising from a sequence
τn ∈ Kn and every k ≥ 1, we have τ
ω(fka1) ≥ κ. In particular, one also has
κ ≤ τω((fa0)
k) for all k ≥ 1. For the special case that Bn is traceless for
ω-all n, let us also point out that the norm of fa0 is one by assumption.
Using Lemma 3.1(i) on the element a0f ∈ Bω, we may choose sequences
of positive elements bn, cn ∈ Bn of norm one, with bncn = cn and
lim
n→ω
‖a
1/2
0,nfna
1/2
0,n − bn‖ = 0, limn→ω
min
τ∈Kn
τ(cn) ≥ κ.
By assumption, e is tracially null in Bω ∩ A
′. In particular, we get that for
every generalized limit trace τω arising from a sequence τn ∈ Kn, we have
τω(eh) = 0. By using Lemma 3.1(ii) on the element he ∈ Bω, there is hence
a sequence of positive contractions dn ∈ Bn with
lim
n→ω
‖h1/2n enh
1/2
n − dn‖ = 0, limn→ω
max
τ∈Kn
dτ (dn) = 0.
In summary we conclude that
max
τ∈Kn
dτ (dn) < κ/2 and min
τ∈Kn
dτ (cn) ≥ min
τ∈Kn
τ(cn) > κ/2
for ω-all n. Since by construction, Kn ⊂ T (Bn) is a compact generator for
every n, it follows that for ω-all n, the inequality dτ (dn) < dτ (cn) holds for
all densely defined traces τ ∈ T (Bn).
Since we assumed that every C∗-algebra Bn has local strict comparison,
we conclude that dn - cn for ω-all n. This allows us to find a (not necessarily
bounded) sequence qn ∈ Bn such that
lim
n→ω
‖q∗ncnqn − dn‖ = 0.
The elements rn = c
1/2
n qn thus define a sequence with limn→ω ‖rn‖ ≤ 1,
inducing a contraction r ∈ Bω. Since clearly r
∗r = he, it follows due to the
choice of h that
(r∗r)x = ehx =δ ex, x ∈ F .
We also observe
bnrn = bnc
1/2
n qn = c
1/2
n qn = rn
for all n, and hence
far =δ fa0r = [(bnrn)] = [(rn)] = r.
This finishes the proof. 
Remark 3.3. We notice that in the above proof, we actually have the
stronger statement maxτ∈Kn dτ (dn) < δ for ω-all n, where δ > 0 is an
arbitrary constant. In the situation where A = Bn for all n and A ⊂ Aω is
the canonical inclusion, we can choose K = Kn for all n; see Remark 2.11.
In this special case, if we assume only that A has very weak comparison,
then this still gives us a sequence qn ∈ Bn as above to carry out the rest of
the proof to obtain the statement of Lemma 3.2.
Notation 3.4 (cf. [5, Section 4]). For a given C∗-algebra A, we can choose
a representative for every unitary equivalence class of irreducible represen-
tations of A, and denote by θA the direct sum representation. Below it will
be relevant to consider the case where θA is essential, i.e., the intersection
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of its range with the compact operators is trivial. In the special case where
A is simple, this is equivalent to saying that A is non-elementary.
Lemma 3.5. Let A be a separable C∗-algebra such that θA is essential. Let
B be a C∗-algebra and ϕ : A → B a nuclear completely positive map. For
every ε > 0 and finite set F ⊂ A, there exist natural numbers N,L, pairwise
inequivalent pure states λ1, . . . , λL on A and elements ci ∈ B, di,l ∈ A for
i = 1, . . . , N and l = 1, . . . , L such that
ϕ(x) =ε
L∑
l=1
N∑
i,j=1
λl(d
∗
i,lxdj,l)c
∗
i cj
for all x ∈ F .
Proof. This is proved in [5, Lemma 4.8]. Even though the statement there
assumes that A = B is unital and that ϕ is the identity map, neither one of
those assumptions enters in the proof, so we may conclude the more general
statement above. 
Lemma 3.6. Let Bn be a sequence of simple C
∗-algebras with local strict
comparison. Let Bω be their ultraproduct, and let A ⊂ Bω be a simple inclu-
sion of a non-zero separable C∗-subalgebra. Suppose that the representation
θA is essential. Let e, f ∈ Bω ∩ A
′ be two positive contractions such that e
is tracially null and f is tracially supported at 1. Let ϕ : A→ ABωA ∩ {e}
′
be a nuclear, completely positive contractive map.
Then, for every ε > 0 and finite set F ⊂ A, there exists δ > 0 and a finite
set G ⊂ A such that the following is true.
If b ∈ A is a positive element of norm one with
max
x∈G
‖[b, x]‖ ≤ δ and ‖bx‖ ≥ ‖x‖ − δ, x ∈ G,
then there exists an element s ∈ Bω with s
∗s ≤ e+ ε such that
fs = s, ‖bs− s‖ ≤ ε, and max
x∈F
‖s∗xs− ϕ(x)e‖ ≤ ε.
Proof. We proceed similarly as in the proofs of [52, Proposition 2.2] or [5,
Lemma 4.4]. Let F ⊂ A and ε > 0 be given. We can and will assume that
F = F∗ consists of contractions. Let us first choose a positive contraction
h ∈ A+ such that
(e3.1) ‖hxh− x‖ ≤ ε/5, x ∈ F .
We set Fh = {hxh | x ∈ F ∪ {1}} ⊂ A.
By Lemma 3.5 there exist L,N ∈ N, pairwise inequivalent pure states
λ1, . . . , λL on A and elements ci ∈
(
ABωA ∩ {e}
′
)
, di,l ∈ A for i ≤ N and
l ≤ L, such that
(e3.2) ϕ(x) =ε/5
L∑
l=1
N∑
i,j=1
λl(d
∗
i,lxdj,l)c
∗
i cj
for all x ∈ Fh.
Without loss of generality we assume that the elements cj are contrac-
tions. We set
G′ =
{
d∗i,lxdj,l | x ∈ Fh, i, j ≤ N, l ≤ L
}
⊂ A.
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and
(e3.3) δ =
ε
5L2N2
(
1 +max {‖dj,l‖ | j ≤ N, l ≤ L}
)−1
.
By [5, Lemma 4.7], we find positive elements a1, . . . , aL ∈ A of norm one
with the property
(e3.4) max
l,k≤L
max
x∈G′
‖alxak − δl,kλl(x)a
2
l ‖ ≤ δ.
We set
(e3.5) G = {dj,l | j ≤ N, l ≤ L} ∪ {al | l ≤ L} ∪ {h} ⊂ A.
Let us show that the pair (G, δ) satisfies the desired property.
Let b ∈ A+ be a positive element of norm one with
(e3.6) max
x∈G
‖[x, b]‖ ≤ δ and ‖bx‖ ≥ ‖x‖ − δ, x ∈ G.
Wemay apply Lemma 3.2 a total of L times and find contractions r1, . . . , rL ∈
Bω
(e3.7) frl = rl, ba
2
l b · rl = ‖ba
2
l b‖rl, l = 1, . . . , L
and
(e3.8) r∗l rl − e ∈ Bω ∩A
⊥, l = 1, . . . , L.
Note that
‖(1− b)rl‖
2 = ‖r∗l (1− b)
2rl‖
≤ ‖r∗l (1− b
2)rl‖
≤ ‖rl(1− ba
2
l b)rl‖
(e3.7)
≤ 1− ‖ba2l b‖
(e3.6),(e3.5)
≤ 1− (1− δ)2 ≤ 2δ.
We set
s0 =
L∑
l=1
N∑
j=1
dj,lalbrlcj.
Then the relation fs0 = s0 follows trivially with (e3.7). Furthermore, we
have
‖(1 − b)s0‖ ≤
L∑
l=1
N∑
j=1
(
‖[dj,l, b]‖ + ‖dj,l‖‖[al, b]‖+ ‖dj,l‖‖(1 − b)rl‖
)
(e3.6),(e3.5)
≤ 4NLδ ·maxj,l ‖dj,l‖.
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Moreover, we have for all x ∈ Fh that
s∗0xs0 =
L∑
k,l=1
N∑
i,j=1
c∗i r
∗
l bald
∗
i,lxdj,kakbrkcj
(e3.4),(e3.3)
= ε/5
L∑
l=1
N∑
i,j=1
c∗i r
∗
l balλ(d
∗
i,lxdj,l)albrlcj
(e3.7)
=
L∑
l=1
N∑
i,j=1
‖ba2l b‖λl(d
∗
i,lxdj,l)c
∗
i r
∗
l rlcj
(e3.5),(e3.6)
=2ε/5
L∑
l=1
N∑
i,j=1
λl(d
∗
i,lxdj,l)c
∗
i r
∗
l rlcj
(e3.8)
=
L∑
l=1
N∑
i,j=1
λl(d
∗
i,lxdj,l)c
∗
i cje
(e3.2)
=ε/5 ϕ(x)e.
Here we have used in the penultimate equality that ci ∈
(
ABωA ∩ {e}
′
)
for
all i ≤ N . Finally, we set s = hs0. For x = h
2, the above calculation ensures
in particular that
s∗s = s∗0h
2s0 ≤ ε+ ϕ(h
2)e ≤ ε+ e.
For every x ∈ F , it follows by our choice of h and the definition of Fh that
s∗xs = s∗0hxhs0 =4ε/5 ϕ(hxh)e
(e3.1)
= ε/5 ϕ(x)e.
The equation fs = s is inherited from s0. Using the calculation above
involving b and s0, we finally compute
‖(1− b)s‖ ≤ ‖s0‖‖[b, h]‖ + ‖(1 − b)s0‖
≤ 4NLδmaxj,l ‖dl,j‖+ ‖s0‖‖[b, h]‖
(e3.5)
≤ 5NLδmaxj,l ‖dl,j‖
(e3.3)
≤ ε.
This finishes the proof. 
Remark 3.7. In comparison to the existing literature on property (SI)
and excision of c.p.c. maps in small central sequences, the only noteworthy
additional layer of generality above is given by the element b. This aspect
is (to my knowledge) irrelevant in the context of ordinary property (SI),
but we will see in the next section that it becomes very useful for obtaining
equivariant property (SI) with respect to actions of amenable groups.
Remark 3.8. In light of Remark 3.3, we can again consider the special
case A = Bn and the canonical inclusion A ⊂ Aω. Then the statement
Lemma 3.6 is true when we assume that A is non-elementary separable
simple nuclear and has very weak comparison.
Theorem 3.9. Let Bn be a sequence of simple C
∗-algebras with local strict
comparison. Let Bω be their ultraproduct, and let A ⊂ Bω be a simple
inclusion of a non-zero separable nuclear C∗-subalgebra. Let us also suppose
that the representation θA is essential. Then the inclusion A ⊆ Bω has
property (SI).
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Proof. Let e, f ∈ Bω∩A
′ be two positive contractions such that e is tracially
null and f is tracially supported at 1. We denote by e˜, f˜ ∈ F (A,Bω) their
induced elements. Considering the statement of Lemma 3.6 for
ϕ = idA : A→ A ⊂ ABωA ∩ {e}
′ ,
we may insert as b an approximate unit of A, let G ⊂ A get bigger, and
let δ → 0. This allows us to get the conclusion of Lemma 3.6 for arbitrary
finite sets F ⊂ A and ε > 0, with possibly varying choices for the element b.
Once we apply the ε-test, this allows us to find a contraction s ∈ Bω such
that
fs = s, s∗s ≤ e, s∗xs = xe for all x ∈ A.
We conclude s ∈ Bω ∩ A
′ with the following standard computation. For all
x ∈ A, one has
(xs− sx)∗(xs− sx) = s∗x∗xs− x∗s∗xs− s∗x∗sx+ x∗s∗sx
= x∗xe− x∗xe− x∗ex+ x∗s∗sx
= x∗(s∗s− e)x ≤ 0.
In particular, we get s∗s − e ∈ Bω ∩ A
⊥. For the element s˜ ∈ F (A,Bω)
induced by s, this yields
f˜ s˜ = s˜ and s˜∗s˜ = e˜.
This finishes the proof. 
Corollary 3.10. Let A be a non-elementary separable simple nuclear C∗-
algebra with very weak comparison. Then A has property (SI).
Proof. This follows from the proof of Theorem 3.9 and Remark 3.8. 
4. Equivariant property (SI)
Proposition 4.1 (see [66, Proposition 2.1]). Let A be a separable simple
C∗-algebra. Let {αi}i∈N be a countable family of outer automorphisms on
A. Then there exists a sequence bn ∈ A of norm one positive contractions
such that
lim
n→∞
‖[bn, a]‖ = 0, lim
n→∞
‖bna‖ = ‖a‖, a ∈ A,
and
lim
n→∞
‖bnαi(bn)‖ = 0, i ∈ N.
Theorem 4.2. Let Γ be a countable amenable group. Let Bn be a sequence
of simple C∗-algebras with local strict comparison, and let βn : Γ y Bn be
a sequence of Γ-actions. Let Bω be the associated ultraproduct, and βω :
Γ y Bω the corresponding ultraproduct action. Let A be a non-elementary
separable simple nuclear C∗-algebra, and suppose that A ⊂ Bω is an inclusion
as a βω-invariant C
∗-subalgebra with the following property: For every g ∈ Γ,
if the automorphism βω,g|A on A is inner, then β˜ω,g is trivial on F (A,Bω).
Then the inclusion A ⊂ Bω has property (SI) relative to βω.
Proof. We denote by α : Γ y A the action that arises from restricting βω.
Let Λ denote the normal subgroup of all elements g ∈ Γ such that αg is inner.
By assumption, the action β˜ω : Γ y F (A,Bω) is trivial when restricted to
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Λ, which induces an action γ : Γ/Λ y F (A,Bω) via γgΛ = β˜ω,g. Obviously
one has F (A,Bω)
β˜ω = F (A,Bω)
γ .
Let e˜, f˜ ∈ F (A,Bω)
β˜ω be two positive contractions such that e˜ is tracially
null and f˜ is tracially supported at 1. Consider two positive contractions
e, f ∈ (Bω ∩A
′)βω that lift these elements.
Using Proposition 4.1, there exists a sequence bn ∈ A of norm one positive
contractions such that
lim
n→∞
‖[bn, a]‖ = 0, lim
n→∞
‖bna‖ = ‖a‖, a ∈ A,
and
lim
n→∞
‖bnαg(bn)‖ = 0, g ∈ Γ \ Λ.
The first two conditions ensure that we are in the position to apply Lemma 3.6
to the identity map ϕ = idA and for bn in place of b and for arbitrary choices
of F ⊂ A and ε > 0. We can hence find contractions sn ∈ Bω such that
fsn = sn, ‖bnsn − sn‖ → 0, ‖e− s
∗
nsn − (e− s
∗
nsn)+‖ → 0,
and furthermore
‖s∗nxsn − xe‖ → 0, x ∈ A.
By the asymptotic behavior of the elements bn it follows that ‖s
∗
nβω,g(sn)‖ →
0 for all g ∈ Γ \ Λ. Applying the ε-test, we can find a contraction s ∈ Bω
having the property that
fs = s, s∗s ≤ e, s∗xs = xe, s∗βω,g(s) = 0,
for all x ∈ A and g ∈ Γ \ Λ. Exactly as in the proof of Theorem 3.9,
we conclude s ∈ Bω ∩ A
′ and s∗s − e ∈ Bω ∩ A
⊥. For the contraction
s˜0 = s+ (Bω ∩A
⊥) ∈ F (A,Bω), this means
f˜ s˜0 = s˜0, s˜
∗
0s˜0 = e, s˜
∗
0γgΛ(s˜0) = 0, g ∈ Γ \ Λ.
We can now proceed exactly as in the proof of either [53, Proposition 4.5]
or [66, Proposition 5.1]. Given a finite set L ⊂ Γ/Λ, we see that
s˜L := |L|
−1/2
∑
gΛ∈L
γgΛ(s˜0)
still satisfies the first two equations above. However, if we insert a Følner
sequence of Γ/Λ in place of L, we see that the resulting elements s˜L are
approximately fixed by γ on large finite sets of Γ/Λ. Applying the ε-test
once more, we can thus obtain s˜ ∈ F (A,Bω)
γ = F (A,Bω)
β˜ω such that f˜ s˜ = s˜
and s˜∗s˜ = e. This finishes the proof. 
Corollary 4.3. Let Γ be a countable amenable group. Let A be a non-
elementary separable simple nuclear C∗-algebra with very weak comparison.
Then A has equivariant property (SI) relative to every action Γy A.
Proof. Proceed exactly as in the proof of Theorem 4.2, but appeal to Remark 3.8
in place of Lemma 3.6. Note that the extra assumption about the inclusion
is automatic in this case: If α is an inner automorphism on A, then the in-
duced automorphism α˜ω on Fω(A) is indeed trivial; see [72, Remark 1.8]. 
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Remark 4.4. In a sense, the assumption about the inclusion A ⊂ Bω ap-
pearing in Theorem 4.2 may be understood as a a kind of dynamical large-
ness condition, which can be ensured either by the induced action on A
being pointwise outer, or A being sufficiently large in Bω. Although it is
used in an essential way in the proof presented above, I do not know if it is
necessary for the conclusion of the theorem to hold. Apart from the obvious
application in the above corollary, there is at least one other potentially
interesting case where this assumption holds:
Suppose that B is non-elementary separable simple nuclear with local
strict comparison. Let β : Γ y B be an action of a countable amenable
group. Suppose that A ⊂ Fω(B) is a unital inclusion of a separable simple
unital nuclear and β˜ω-invariant C
∗-subalgebra. Denote by α : Γ y A the
restriction of β˜ω. Then we obtain a Γ-equivariant embedding
(A⊗B,α⊗ β)→ (Bω, βω) via a⊗ b 7→ xa · b,
where b ∈ B and xa ∈ Bω ∩ B
′ satisfies a = xa + Bω ∩ B
⊥. Under this
inclusion, we can naturally identify F (A⊗B,Bω) = Fω(B) ∩A
′. If αg ⊗ βg
is inner on A⊗B, then βg must also be inner, so β˜g is trivial on all of Fω(B).
This ensures that Theorem 4.2 applies to the inclusion A⊗ B ⊂ Bω, which
gives us a version of equivariant property (SI) inside the relative commutant
Fω(B) ∩A
′.
Definition 4.5. Let A be a non-elementary separable simple C∗-algebra.
We define the trace-kernel ideal JA of Fω(A) to consist of all those elements v
for which v∗v is tracially null in the sense of Definition 2.5 with respect to the
canonical inclusion A ⊂ Aω. Evidently JA is automatically invariant under
any automorphism of the form α˜ω on Fω(A) induced by an automorphism
α on A.
5. Applications
In our first immediate application, we show how to recover the traceless
version of Theorem B with a short proof, using the methods of this paper:
Corollary 5.1 (cf. [70, Theorem 3.4]). Let A be a Kirchberg algebra and
Γ a countable amenable group. Then every Γ-action on A is equivariantly
O∞-stable.
Proof. In light of Remark 1.3, A is nothing but a traceless separable simple
nuclear C∗-algebras with (local) strict comparison. Let α : Γ y A be an
arbitrary action. We consider the matrix amplification α(2) = id⊗α : Γ y
M2 ⊗A =M2(A) and the equivariant diagonal inclusion
(A,α)→ (M2(A)ω , α
(2)
ω ), a 7→
(
a 0
0 a
)
.
Then this inclusion evidently satisfies the assumption in Theorem 4.2 and
does therefore have equivariant property (SI) relative to α
(2)
ω . We borrow an
idea from the proof of [43, Proposition 8.4] and apply this fact to the two
elements
f =
(
1 0
0 0
)
, e = 1 ∈ M2 =M2(M(A)) ∩ (1⊗A)
′ ⊂ F (A,M2(A)ω)
α˜
(2)
ω .
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Here we implicitly use the canonical isomorphism (see [3, Proposition 1.5(2)])
F (A,M2(A)ω) ∼=M2(M(A ·Aω ·A)) ∩ (1⊗A)
′.
Recall from Definition 2.5 that since A is traceless, we can consider both
elements e and f to be tracially null and tracially supported at 1. As a
consequence of Theorem 4.2 and equivariant property (SI) applied to the
above data, there exists an isometry s ∈ F (A,M2(A)ω)
α˜
(2)
ω such that ss∗ ≤
f . If we represent s by a sequence of contractions sn ∈ M2(A), we may
without loss of generality assume that it is of the form sn =
(
yn zn
0 0
)
.
From the fact that limn→ω[sn, 1 ⊗ a] = 0 for all a ∈ A we directly get that
the sequences yn, zn ∈ A represent two contractions y, z ∈ Aω ∩A
′. The fact
that limn→ω(e− s
∗
nsn)(1⊗ a) for all a ∈ A directly implies that
1− y∗y, 1− z∗z, y∗z ∈ A˜ω ∩A
⊥.
We also keep in mind that y−αω,g(y) and z−αω,g(z) are in Aω ∩A
⊥ for all
g ∈ Γ. In conclusion, these two elements induce contractions y˜, z˜ ∈ Fω(A)
α˜ω
satisfying the properties y˜∗y˜ = 1 = z˜∗z˜ and y˜∗z˜ = 0. In particular, the fixed
point algebra Fω(A)
α˜ω is properly infinite and we may find a unital inclusion
of O∞, which yields the desired conclusion via [72, Corollary 3.8]. 
We now focus our attention back to the case of finite C∗-algebras.
Notation 5.2. If ρ : A+ → [0,∞] is a weight on a C
∗-algebra, we denote
Dρ = {x ∈ A | ρ(x
∗x) <∞}.
Definition 5.3 (cf. [60, Theorem 7.4.10]). Let ρ be a proper weight on A
and α an automorphism on A. We say that ρ is α-quasi-invariant, if under
the GNS representation (πρ,Hρ), there exists a unitary uα ∈ B(Hρ) such
that
uαπρ(a)u
∗
α = πρ(α(a))
for all a ∈ A. In particular, conjugation by uα defines an automorphism on
πρ(A)
′′ extending the assignment πρ(a) 7→ πρ(α(a)) on πρ(A).
Proposition 5.4. Suppose that ρ is a proper weight and α is an automor-
phism on A. If there exists a constant C > 0 such that C−1ρ ≤ ρ ◦ α ≤ Cρ,
then ρ is α-quasi-invariant.
Proof. If C > 0 is a constant as above, then clearly
C−1‖ · ‖2,ρ ≤ ‖α(·)‖2,ρ ≤ C‖ · ‖2,ρ.
Hence we see that Dρ = α(Dρ) in A, and α induces a bounded invertible
operator α¯ ∈ B(Hρ) with α¯[x] = [α(x)] for all x ∈ Dρ. We observe
(α¯πρ(a)α¯
−1)[x] = (α¯πρ(a))[α
−1(x)] = α¯[aα−1(x)] = [α(a)x] = πρ(α(a))[x]
for all a ∈ A and x ∈ Dρ. Furthermore
〈α¯∗α¯πρ(a)[x] | [y]〉ρ = 〈α¯[ax] | α¯[y]〉ρ
= ρ(α(y∗ax))
= 〈α¯[x] | α¯[a∗y]〉ρ
= 〈πρ(a)α¯
∗α¯[x] | [y]〉ρ
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for all a ∈ A and x, y ∈ Dρ. Hence |α¯| ∈ πρ(A)
′, which allows us to conclude
that uα = α¯|α¯|
−1 ∈ B(Hρ) is a unitary as in Definition 5.3. 
Definition 5.5. Let ρ be a proper weight on A and α : Γy A an action of a
discrete group. We say that ρ is α-quasi-invariant, if ρ is αg-quasi-invariant
for all g ∈ Γ. In this case, α extends uniquely to an action α : Γy πρ(A)
′′.
The following is a straightforward generalization of the more well-known
concept of strong outerness for automorphisms on simple unital C∗-algebras.
Definition 5.6. Let A be a simple C∗-algebra. We say that an automor-
phism α on A is strongly outer, if it is outer, and moreover for every proper
α-invariant trace τ on A, the induced automorphism of α on πτ (A)
′′ is outer.
Recall that an automorphism α on a von Neumann algebra M is called
properly outer, if for every non-zero projection p ∈ Mα fixed by α, the
induced automorphism on pMp is outer. It is well-known that it suffices to
check this condition only for projections p that are also central in M .
Proposition 5.7. Let A be a simple C∗-algebra with an outer automorphism
α. Then α is strongly outer if and only if for every α-quasi-invariant proper
trace τ on A, the unique extension of α on πτ (A)
′′ is properly outer.
Proof. The “if” part is tautological, so let us consider the “only if” part.
Suppose that α is strongly outer in the sense of the above definition, and
let τ be an α-quasi-invariant proper trace on A. Set M = πτ (A)
′′. Let
e ∈ Z(M)α be a non-zero central projection fixed by α. Then the map
τ0 = [a 7→ τ(e · a)] defines another α-quasi-invariant proper trace on A since
A is simple. Furthermore there is a natural isomorphism πτ0(A)
′′ = eM
that respects α. If τ0 is not genuinely α-invariant, then evidently α cannot
be inner on eM because it moves a trace. But if τ0 is genuinely α-invariant,
then α is outer on eM by assumption. Since e was arbitrary, we conclude
that α is properly outer on M . 
Remark 5.8. Let A be a simple C∗-algebra so that the tracial cone T (A) 6=
∅ is finite-dimensional. Let τ1, . . . , τm be a family of representatives for the
rays of extremal traces in T (A). Let α be an automorphism on A. For each
j = 1, . . . ,m, the trace τj ◦α must again be an extremal trace. Hence there
is a permutation σ : {1, . . . ,m} → {1, . . . ,m} and constants c1, . . . , cm > 0
such that τj ◦α = cj · τσ(j) for all j = 1, . . . ,m. We can observe for the trace
τ =
∑m
j=1 τj and the constant
C = max
1≤j≤m
cj + c
−1
j
that we have C−1τ ≤ τ ◦ α ≤ Cτ , and hence τ is α-quasi-invariant by
Proposition 5.4. We denote (cf. [15, Chapter 6] for the isomorphism below)
M = πτ (A)
′′ ∼= πτ1(A)
′′ ⊕ · · · ⊕ πτm(A)
′′,
which is clearly independent of the choice of τ or τ1, . . . , τm.
For every proper trace τ ′ on A, if we write τ ′ =
∑k
i=0 λiτji for λi > 0, then
the weak closure πτ ′(A)
′′ can be realized naturally as the corner ofM coming
from the support projection for τj1 , . . . , τjk . The subset {ji | i = 1, . . . , k} ⊂
{1, . . . ,m} is then σ-invariant if and only if τ ′ is α-quasi-invariant.
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For what comes next, we need to set up a suitable replacement of tra-
cial ultrapowers of C∗-algebras with respect to unbounded traces, in order
to apply it in the context of the above remark and to be able to exploit
(equivariant) property (SI) to obtain Theorem C.
Remark 5.9. To appreciate the next definition, the reader should recall the
notion of Ocneanu ultrapower for a separably acting von Neumann algebra
M . One considers the C∗-subalgebra
I(M) =
{
(xk) | xk
k→ω
−→ 0 in the strong-∗ topology
}
⊂ ℓ∞(N,M),
its normalizer algebra
N(M) = {y ∈ ℓ∞(N,M) | yI(M) + I(M)y ⊆ I(M)} ,
and defines the ultrapower as the resulting quotient Mω = N(M)/I(M).
Usually the algebra I(M) is defined via a faithful normal state ρ on M ,
as a bounded sequence xk ∈ M converges to zero in the strong-∗ topology
precisely when ‖xk‖
#
ρ → 0. Mω turns out to be a von Neumann algebra
capturing the asymptotic behavior of bounded sequences in M ; see [1] for a
very detailed exposition.
Definition 5.10 (cf. [41, 2, 25]). Let A be a C∗-algebra with a distinguished
state ρ. Let ω be a free ultrafilter on N. We write
‖a‖#ρ =
(1
2
ρ(a∗a+ aa∗)
)1/2
for all a ∈ A, and
‖x‖#ρ,ω = limn→ω
‖xn‖
#
ρ
for x ∈ Aω and every bounded sequence xn ∈ A representing x. We consider
the (hereditary) C∗-subalgebra
Iρ =
{
x ∈ Aω | ‖x‖
#
ρ,ω = 0
}
⊆ Aω
and its normalizer
Nρ = {x ∈ Aω | xIρ + Iρx ⊆ Iρ} .
The statial ultrapower (or C∗-to-W∗ ultrapower) of the pair (A, ρ) is defined
as the quotient Aωρ = Nρ/Iρ.
Remark 5.11 (see [71, Section 4]). Let A be a C∗-algebra and α : Γ y A
an action of a discrete group. Recall that an α-invariant ideal J ⊆ A is
called a Γ-σ-ideal, if for every separable α-invariant C∗-subalgebra D ⊂ A,
there exists a positive contraction e ∈ (J ∩D′)α such that ec = c = ce for
all c ∈ J ∩D. This generalizes Kirchberg’s concept of a σ-ideal, which arises
from considering Γ = {1}.
In [71, Proposition 4.5], it is proved that if J is a Γ-σ-ideal, then the
induced equivariant quotient map π : (A,α) → (A/J, α¯) is strongly locally
semi-split, i.e., for every separable α¯-invariant C∗-subalgebra B ⊂ A/J ,
there is an equivariant c.p.c. order zero map ψ : (B, α¯) → (A,α) with
π ◦ ψ = idB .
Proposition 5.12. Let A be a separable C∗-algebra with a state ρ. Let
α : Γy A be an action of a countable discrete group. Then
EQUIVARIANT PROPERTY (SI) REVISITED 25
(i) Iρ ⊆ Nρ is a σ-ideal and contains Aω ∩A
⊥.
(ii) If ρ is α-quasi-invariant, then Iρ is invariant under αω, which in-
duces a Γ-action αω on Aωρ . Moreover Iρ ⊂ Nρ becomes a Γ-σ-ideal.
(iii) Set M = πρ(A)
′′. Then the canonical embedding Aωρ → M
ω into
the Ocneanu ultrapower of M is an isomorphism. The same is true
for the canonical map Aωρ ∩ A
′ → Mω ∩M ′. If additionally ρ is α-
quasi-invariant, then these embeddings respect the canonical actions
αω induced by α on both sides, respectively.
Proof. (i) is [2, Proposition 4.10] and is an easy consequence of the ε-test.
The inclusion Aω ∩ A
⊥ ⊂ Iρ follows from the fact that every state on A is
continuous with regard to the strict topology; see [2, Lemma 4.12].
(ii): The first part of the statement is clear. For the second part, we
proceed as follows. Let D ⊂ Nρ be a separable αω-invariant C
∗-subalgebra.
Since Iρ admits quasicentral approximately αω-invariant approximate units
(see [38, Lemma 1.4]), there is a sequence en ∈ Iρ such that ‖en−αω,g(en)‖ →
0 for all g ∈ Γ, ‖enc − c‖ → 0 for all c ∈ Iρ ∩ D and ‖[en, a]‖ → 0 for all
a ∈ D. By applying the ε-test, we can find a single positive contraction
e ∈
(
Iρ ∩D
′
)αω such that ec = c for all c ∈ Iρ ∩D, which proves the claim.
(iii): The first part of the statement is a straightforward consequence
of Kaplansky’s density theorem, and the latter part is trivial; see also [2,
Proposition 3.4]. 
Remark 5.13. Let A be a C∗-algebra and τ a proper trace on A. Let
bn ∈ Dτ be a sequence of positive contractions that contains an approximate
unit in its range, and assume τ(b2n) > 0 for all n ≥ 1. For any bounded
sequence xk ∈ A, one has that xk → 0 in the strong operator topology
inside πτ (A)
′′ if and only if ‖xky‖2,τ → 0 for all y ∈ Dτ . By the properties
of the sequence bn, this is true if and only if ‖xkbn‖2,τ → 0 for all n. Define
a state ρ on A via
ρ(z) =
∞∑
n=1
2−n
τ(bnzbn)
τ(b2n)
, z ∈ A.
For every bounded sequence xk ∈ A, we have xk → 0 in the strong-∗ topology
in πτ (A)
′′ if and only if for all n,
0 = lim
k→∞
(
‖xkbn‖
2
2,τ + ‖x
∗
kbn‖
2
2,τ
)
= lim
k→∞
τ(bnx
∗
kxkbn + bnxkx
∗
kbn)
Thus we see that the strong-∗ topology on πτ (A)
′′ is given on bounded sets
via the semi-norm ‖·‖#ρ , and hence πτ (A)
′′ ∼= πρ(A)
′′. In particular, whether
the above limit is zero for a bounded sequence xk ∈ A and for all n ≥ 1 is
independent of the choice of the sequence bn ∈ Dτ .
Example 5.14. If A is unital in the above construction, then τ is a bounded
trace, and one can simply choose bn = 1A. With that choice one would have
‖ · ‖#ρ = ‖ · ‖2,τ .
Proposition 5.15. Let A be a separable C∗-algebra with a state ρ. Suppose
that ρ is constructed from a proper trace τ as in Remark 5.13. Then one
has Aω ∩A
′ ⊆ Nρ and the restriction of the quotient map Aω∩A
′ → Aωρ ∩A
′
is onto. Moreover this map factorizes through Fω(A).
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Proof. Let τ and bn ∈ Dτ be as given in Remark 5.13, and assume that the
state ρ is given by the formula there. As we have already noted above, the
C∗-algebra Iρ ⊂ Aω does not depend on the specific choice of the sequence
bn, so let us assume without loss of generality that bn ∈ P(A), which ensures
dτ (bn) < ∞. Under this assumption, the restriction of τ to the hereditary
subalgebra bnAbn is bounded. Hence it follows for the generalized limit trace
τω on Aω induced by τ that in fact
τω(bnabn) = lim
k→ω
τ(bnakbn), n ≥ 1,
for every positive element a ∈ Aω represented by a bounded sequence of
positive elements ak ∈ A.
Now let y ∈ Iρ and x ∈ Aω ∩ A
′ be given. We have to show xy, yx ∈ Iρ.
By definition of ρ and the above observation, the statement xy ∈ Iρ is
equivalent to τω(bn(y
∗x∗xy+xyy∗x∗)bn) = 0 for all n ≥ 1. Using the tracial
condition for τω we compute for every n ≥ 1 that
τω
(
bnxy(xy)
∗bn
)
= τω
(
bnxyy
∗x∗bn
)
= τω
(
y∗x∗b2nxy
)
= τω
(
y∗bnx
∗xbny
)
≤ ‖x‖2τω(y∗b2ny)
= ‖x‖2τω(bnyy
∗bn) = 0.
Furthermore we have
τω
(
bn(xy)
∗xybn
)
≤ ‖x‖2τω(bny
∗ybn) = 0.
This confirms xy ∈ Iρ. The proof for yx ∈ Iρ is completely analogous. Since
x and y were arbitrary, we conclude Aω∩A
′ ⊂ Nρ. The rest of the statement
follows from the fact that Iρ is a σ-ideal; cf. [2, Proposition 4.13]. 
Remark 5.16. Let A be a separable simple C∗-algebra with finitely many
rays of extremal traces. Let τ1, . . . , τm be a set of representatives for each
ray of extremal traces, and set τ =
∑m
j=1 τj as in Remark 5.8. If τ
ω is
the associated generalized limit trace on Aω and a ∈ P(A) is a non-zero
positive element in the Pedersen ideal, then we see that τω(ax) = 0 implies
τω0 (ax) = 0 for all positive x ∈ Aω ∩ A
′ and all generalized limit traces τω0
with 0 < τω0 (a) <∞.
Let ρ be a state constructed from τ as in Remark 5.13. Comparing
Proposition 5.15 with Definition 4.5 yields that we have (Iρ∩A
′)/(Iρ∩A
⊥) =
JA, which is the kernel of the natural surjective map Fω(A)→ A
ω
ρ∩A
′. Since
Iρ ∩A
′ ⊂ Aω ∩A
′ and Aω ∩A
⊥ ⊂ Aω ∩A
′ are both Γ-σ-ideals with respect
to every Γ-action on A (see [71, Example 4.4] for the latter), it follows that
the trace-kernel ideal JA ⊂ Fω(A) is also a Γ-σ-ideal with respect to every
Γ-action on A.
Proposition 5.17. Suppose that M is a von Neumann algebra that is iso-
morphic to a finite direct sum of hyperfinite type II factors. Let ω be a free
ultrafilter on N. Let Γ be a countable amenable group and α : Γ y M an
action.
(i) (Mω ∩M ′)α
ω
is a finite direct sum of II1 factors. In particular, there
exists a unital ∗-homomorphism Mk → (M
ω ∩M ′)α
ω
for every k ≥ 2.
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(ii) Suppose that α is pointwise properly outer. Then for any outer ac-
tion β : Γ y R, there exists a unital equivariant ∗-homomorphism
(R, β)→ (Mω ∩M ′, αω).
Proof. (i): This can be proved in exactly the same way as in [53, Lemmas
4.1 and 4.2(1)]. Matui–Sato’s proof concerns the case where every direct
summand of M is of type II1, but their proof works just as well in the
general case.
(ii): Notice that the claim passes to finite direct sums of such von Neu-
mann algebras equipped with Γ-actions. Hence let us assume without loss of
generality that Γ acts transitively via α on the minimal central projections
ofM . Write M =Me1⊕· · ·⊕Meℓ, where each element ej ∈M is a minimal
central projection. Then we have a transitive action σ : Γy {1, . . . , ℓ} such
that βg(ej) = eσg(j) for all g ∈ Γ and j = 1, . . . , ℓ. For every j = 1, . . . , ℓ, let
Hj = {h ∈ Γ | σh(j) = j}. Note that we have |Γ/Hj| = ℓ because the map
Γ/Hj → {1, . . . , ℓ} given by gHj 7→ σg(j) is well-defined and injective by
definition, and surjective by the assumption that σ is transitive. We see that
for every j = 1, . . . , ℓ, the action α|Hj leaves the factor Mej invariant and is
pointwise outer by assumption. By Ocneanu’s theorem [58], the action on
this corner equivariantly absorbs (β|Hj )
⊗¯∞ : Hj y R
⊗¯∞, and hence we find
a unital equivariant ∗-homomorphism ψj : (R, β|Hj )→ (ejM
ω ∩M ′, αω|Hj ).
By the first part we may pick a partition of unity 1 =
∑ℓ
j=1 pj, where the
summands are pairwise equivalent projections in (Mω ∩M ′)α
ω
. Without
loss of generality, we may assume that they also commute with the range of
αωg ◦ ψj for all g ∈ Γ and j = 1, . . . , ℓ.
We define ψ : R→Mω ∩M ′ via
ψ(x) =
ℓ∑
j=1
∑
g¯∈Γ/Hj
eσg¯(j) · pj · α
ω
g (ψj(β
−1
g (x)).
We first observe for every j = 1, . . . , ℓ that if g2 = g1h for some h ∈ Hj, then
we have αωg2◦ψj◦β
−1
g2 = α
ω
g1◦ψj◦β
−1
g1 since ψj isHj-equivariant. In particular,
the above sum is well-defined and ψ becomes a unital ∗-homomorphism.
We compute for all x ∈ R and g0 ∈ Γ that
ψ(βg0(x)) =
ℓ∑
j=1
∑
g¯∈Γ/Hj
eσg¯(j) · pj · α
ω
g (ψj(β
−1
g−10 g
(x))
=
ℓ∑
j=1
∑
g¯∈Γ/Hj
eσg0g(j) · pj · α
ω
g0g(ψj(β
−1
g (x))
= αωg0(ψ(x)),
proving that ψ is Γ-equivariant. This finishes the proof. 
Theorem 5.18. Let A be a non-elementary separable simple nuclear C∗-
algebra with very weak comparison. Suppose that A is finite and has finitely
many rays of extremal traces. Let Γ be a countable amenable group. Then
every action α : Γy A is equivariantly Z-stable.
Proof. Let τ be a trace on A chosen as in Remark 5.8. It is quasi-invariant
with respect to every automorphism on A, so in particular α-quasi-invariant.
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SetM = πτ (A)
′′, which is a finite direct sum of hyperfinite factors of type II.
Due to Remark 5.16 and Proposition 5.12, we see that there is a surjective
and equivariant ∗-homomorphism
(Fω(A), α˜ω)→ (M
ω ∩M ′, αω),
the kernel of which is equal to JA. Let k ≥ 2. By Proposition 5.17, there
is a unital copy Mk ⊂ (M
ω ∩M ′)α
ω
. Since JA is a Γ-σ-ideal, it follows
from Remark 5.11 that there is a c.p.c. order zero map Mk → Fω(A)
α˜ω
with 1 − ϕ(1k) ∈ JA. Invoking Remark 5.16, we see that 1 − ϕ(1k) is
tracially null, whereas ψ(e1,1) is tracially supported at 1 because we have
infm≥1 θ
ω
a (ψ(e1,1)
m) = 1k for every a ∈ A+ and every generalized limit trace
θω on Aω with θ
ω(a) = 1. Since A has property (SI) relative to α due
to Corollary 4.3, it follows that there is a contraction s ∈ Fω(A)
α˜ω with
ψ(e1,1)s = s and s
∗s = 1 − ψ(1k). By [63, Proposition 5.1] this gives rise
to a unital ∗-homomorphism Zk,k+1 → Fω(A)
α˜ω . Since k ≥ 2 was arbitrary,
we can find a unital embedding Z → Fω(A)
α˜ω of the Jiang–Su algebra. The
conclusion follows by [72, Corollary 3.8]. 
Lemma 5.19. Let A be a separable simple nuclear finite Z-stable C∗-algebra.
Suppose that A has finitely many rays of extremal traces. Let Γ be a count-
able amenable group and H ⊂ Γ a normal subgroup with Γ/H ∼= Z. Then for
every pointwise strongly outer action α : Γy A, we have dimcRok(α,H) ≤ 2.
Proof. The proof of this is completely analogous to [73, Lemma 2.9 and
Theorem 2.14]. The only difference is that we appeal to Proposition 5.17(ii)
in place of Ocneanu’s theorem, and Corollary 4.3 in place of [66, Proposition
5.1]. 
Notation 5.20 (cf. [73, Definition B]). We denote by C the smallest class
of countable groups with {1} ∈ C, such that C is closed under isomorphism,
countable directed unions, and extensions by Z.
Below we denote by ≃cc the relation of cocycle conjugacy between actions
on C∗-algebras.
Theorem 5.21. Let A be a separable simple nuclear finite C∗-algebra. Sup-
pose that A has finitely many rays of extremal traces. Let Γ be a countable
amenable group and H ⊂ Γ a normal subgroup such that Γ/H ∈ C. Let
γ : Γ y D be a semi-strongly self-absorbing action and let α : Γ y A be a
pointwise strongly outer action. If α|H ≃cc (α⊗ γ)|H , then α ≃cc α⊗ γ.
Proof. Exactly as in the proof of [73, Theorem 3.4], it suffices to consider
the case Γ/H ∼= Z. But then the claim follows directly from Lemma 5.19
and [73, Theorem A]. 
Corollary 5.22. Let A be a separable simple nuclear finite C∗-algebra. Sup-
pose that A has finitely many rays of extremal traces. Let D be a strongly
self-absorbing C∗-algebra with A ∼= A ⊗ D. Let Γ be a countable amenable
group in the class C. Then an action α : Γy A is pointwise strongly outer
if and only if α ≃cc α⊗ γ for every action γ : Γy D.
Proof. Since the “if” part is trivial, let us consider the “only if” part. Let
us assume that α is pointwise strongly outer. By [73, Theorem C], it suffices
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to show α ≃cc α⊗ γ for some action γ : Γy D which is pointwise strongly
outer and semi-strongly self-absorbing. But this case follows directly from
Theorem 5.21 applied to the special case H = {1}. 
Remark 5.23. Let us at this point observe that Corollary 5.1, Theorem 5.18
and Corollary 5.22 hold verbatim for cocycle actions (α,w) : Γy A. This is
because by the Packer–Raeburn stabilization trick [59], there is a genuine ac-
tion β : Γy A⊗K on the compact stabilization which is exterior equivalent
to (α⊗ idA, w⊗1). The dynamical systems (Fω(A), α˜ω) and (Fω(A⊗K), β˜ω)
are then conjugate; see [3, Proposition 1.9] and [72, Remark 1.8]. Since ei-
ther one of the theorems above apply to the genuine action β, the results
therefore generalize directly.
The following main result generalizes [57, Theorems 7.3, 7.4], but we
note that the main constribution here is in generalizing the Rokhlin-type
theorems [57, Theorems 6.4, 6.7] with a slightly different approach.
Corollary 5.24. Let A be a separable simple nuclear finite Z-stable C∗-
algebra. Suppose that KK(A,A) = 0 and that A has finitely many rays of
extremal traces. Then every pointwise strongly outer Z-action on A has the
Rokhlin property. Furthermore, two pointwise strongly outer actions α, β :
Z y A are cocycle conjugate if and only if there is an affine homeomorphism
κ on (T (A),ΣA) such that κ(τ ◦ α) = κ(τ) ◦ β for all α, β ∈ T (A).
Proof. We first observe that by [9, Theorem A], A has finite nuclear di-
mension. In particular A falls within the scope of the classification theory
developed in [19] (see also [9, Corollary D]), which implies A ∼= A⊗Q, where
Q is the universal UHF algebra.
By [69, Theorem 5.12], it suffices to prove that every strongly outer action
α : Z y A has the Rokhlin property. If we apply Corollary 5.22 to the
special case Γ = Z, it follows that every such action α tensorially absorbs
some automorphism on Q with the Rokhlin property, and will therefore itself
have the Rokhlin property. This finishes the proof. 
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